The general theory of the interaction of mesons with an electromagnetic field is developed, starting from Kemmer's matrix formulation of the meson equations. The general theory is applied to the scattering of light by mesons, the emission of radiation by mesons during collisions and the production of pairs of mesons. A brief discussion of the experimental results on the energy losses of " heavy electrons" in cosmic rays is given, and it is shown that the experiments are consistent with the view that the heavy electrons have spin 1 and that the theory of the interaction of mesons with an electromagnetic field is probably valid for energies considerably greater than the rest energy of a meson.
Introduction
1*1. A meson passing through m atter can lose energy in four different ways: by absorption and re-emission by nuclei, by ordinary collisions with electrons and nuclei, by emission of y-rays during a collision with a nucleus, and by the creation of pairs of electrons or mesons. The first process, which does not occur for electrons, has been considered by Bhabha (1939) and, in the non-relativistic limit, by Heitler (1938) . The second process has been
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calculated by Massey and Corben (1939) , taking into account the effect of retardation. The third process, in which a y-ray is emitted and the meson deflected either by the specific nuclear field or by the Coulomb field of a nucleus, has not so far been treated. For electrons of very high energy, the emission of y-rays is the most im portant means of energy loss. I t is therefore of considerable interest to carry out the corresponding calculations for mesons, both on account of the intrinsic interest of the problem and because of its application to cosmic rays. In the present paper we discuss this and related problems, neglecting the specific nuclear interaction.
The problem of the radiation loss is one of those in which the interest is mainly confined to the case of very high energies, but unfortunately the relativistic theory of the meson is extremely complicated. In the usual wave formulation of the meson theory, the spin bears a close analogy to the polarization of a light wave, except th at the spin of the meson can have a component along the direction of motion, whereas light waves are essentially transverse, the longitudinal part of an electromagnetic field being purely static. I t is customary to choose the three independent eigenstates of polarization of a meson so th at two polarizations are transverse, and the other longitudinal, to the linear momentum vector. This choice is especially convenient when the velocity of the meson is small, since, in collision prob lems, transitions between the longitudinal and transverse states cannot then take place directly. For high energies, however, transitions occur in which the direction of polarization changes; but, since the direction of polarization is unobservable, it is necessary to sum or average over the polarizations in order to obtain a physically significant result. A similar situation occurs in the electron theory where it is necessary to sum over the two possible directions of the spin (and, in intermediate states, over the two possible values of the energy for a given momentum). However, electron theory is intrinsically less complicated than meson theory, and special methods have been evolved to effect the summations. In the wave formulation of the meson theory a similar procedure is impossible since the quantization can only be carried out after the independent states of polariza tion have been arbitrarily fixed, but Kemmer (1939) has recently given an alternative development of the theory, which emphasises the particle rather than the wave properties of the meson. In this formulation, certain /? matrices occur which are analogous to the a matrices of the electron theory, and which enable us to sum over the polarizations. Owing to the /? matrices being singular, the procedure is nothing like so simple as for the electron theory, but it is nevertheless much simpler and more elegant than the straightforward methods of the wave theory. This is particularly true for problems, such as those discussed in the present paper, which do not involve the specific nuclear reaction. One of us (F. B.), began, a t the suggestion of Dr H. J. Bhabha, to calculate by the wave theory the cross-section for the radiative collision of a meson with a nucleus; the calculation was very complicated, and was abandoned when Kemmer's more powerful method became available. The two theories are, of course, completely equivalent, but the use of the /? matrices ensures th a t the results are obtained in the simplest closed form possible.
In the electron theory, the second quantization can formally be dispensed with, by considering the creation of a pair of electrons to be equivalent to the transition of an electron from a state of negative energy to a state of positive energy. This formal procedure is not possible for mesons, since we should have to consider transitions in which charge is not conserved. Further, mesons obey Einstein-Bose statistics, and the concept of the states with say negative charge being occupied by an infinity of (unobservable) mesons is quite meaningless.
The first method which we used for obtaining the crOss-seetion for the radiative collision of a meson with a nucleus was the direct calculation of the differential cross-section for the scattering of the meson and the emission of the y-ray into arbitrary solid angles. The resulting formula was extremely complicated. Further, it is almost impossible to carry out experiments to determine this differential cross-section, and it is only when the crosssection is integrated over all angles of scattering of the meson and of emission of the fight quantum th at we obtain a result which is of physical interest. Now the order of magnitude of the integrated cross-section can be obtained indirectly by the method of impact parameters with con siderably less labour (Williams 1935) ; in addition the loss in accuracy is more than counterbalanced by the gain in clarity. We therefore decided to adopt the simpler indirect method, and in this paper we do not propose to reproduce the unwieldy calculations of the direct method.
Owing to the (i matrices being singular and therefore not possessing inverses, a somewhat complicated technique is required. This, and the relevant general theory, is given in § 2. In § 3 we calculate the cross-section for the scattering of unpolarized fight by a meson which is initially a t rest. This rather lengthy expression, which is valid for all energies, has probably no physical importance in itself, but it can be used, as we do in § 4, to obtain the radiation loss during the collision of a meson with a fixed nucleus. In § 5 we treat the related problem of the production of meson pairs, and in § 6 we give a critical discussion of our results.
In most discussions it has hitherto been assumed that, on account of the
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large mass of the meson, the radiation loss from mesons would be about40,000 times smaller than from electrons. This naive argument, which receives some support from the fact th a t the formula for the radiation loss is prac tically the same for particles with zero spin as for electrons, turns out to be unfounded. Our calculations show that, if the present meson theory is valid for high energies, the energy loss from mesons due to radiation varies as E%, where E0 is the energy of the meson; the energy loss for electrons, on the other hand, only varies as E0. The fact th a t the cross-section increases with increasing energy is one of the outstanding characteristics of the meson theory, and it has led some authors to express the view th a t the theory is only valid when the kinetic energy of a meson is small compared with its rest energy. The occurrence of large cross-sections is due in part to the meson field being a charged, and therefore non-classical, field, and in p art to the highly singular nature of the interaction of mesons with the other elementary particles. In our problem only, the second of these complications is relevant, but it renders an exact theory impossible. However, the history of the quantum theory has shown th a t physical theories are often valid far beyond the limits within which they can be proved to be consistent, and th a t the limits of applicability of a theory are most clearly shown by the discussion of its consequences.
The nature of the heavy electrons found in cosmic rays is by no means certain. The only really direct evidence th a t they are the same as the charged mesons introduced to explain the nuclear forces is th a t the masses of two particles are approximately the same. However, if we assume the identity of the two particles, the theory of the specific nuclear interaction is very unsatisfactory, since the calculated cross-section for the scattering of mesons by protons due to this interaction is much greater than the total observed cross-section, even for comparatively small velocities. A somewhat simpler test of the theory is provided by the Coulomb scattering of mesons by nuclei, and by the radiation emitted during collisions. A t present the experiments do not extend to sufficiently high energies for this test to be applied rigorously, and, although the results are not in contradic tion with the theory, they cannot be said to confirm it. On the other hand, the occurrence of bursts consisting of a large number of particles might find an explanation in the ordinary cascade theory if the large cross-sections predicted by the theory really do exist.
General theory §
2-1. In the wave formulation we have a four-vector describing the meson field. In Kemmer's particle formulation and the six-vector G ( / i , v = 1, 2,3,4) , which is the curl of Up are combined into a wave function \]r, which has ten components forming a column matrix, and which, in the absence of external fields, satisfies the equation
where k = mc/fo, m being the mass of the meson. The coordinates xv a;3 are space coordinates, and x4 = i c t ; the fi (/i= 1,2,3,4) ar mitian matrices satisfying the commutation relations (Petiau 1936; Duffin 1938) 
The conjugate complex row-matrix satisfies the equation |j
since x4 is the imaginary time. I t is more convenient to use instead of the quantity xjr = i^r j 4,
where ^ = 2^-1 .
By using the relations
the summation convention not being used in this equation, we see th at xjr satisfies the equation dilf s) (7) § Since the formalism is as yet unfamiliar, we summarize and extend the results of Kemmer's paper. We are greatly indebted to Dr Kemmer not only for allowing us to see his paper in manuscript but also for extensive discussions concerning the best way of applying the general theory to special problems. In particular, the task of evaluating the spurs given in equations (63) K2\Jf.
There are, therefore, solutions of (1) of the form
where ui s a ten-component column matrix, and where
So far, the theory is similar to the relativistic electron theory, but a t this point we meet characteristic differences. First, since = and pPv ftp = 0 when fi -p^v , the ft's are singular matrices (actually of rank six), the eigen values being 1 (threefold), -1 (threefold) and 0 (fourfold). Hence, for given p, there are only six linearly independent solutions (10); we denote the corre sponding u ' s by uk{ p) (k= 1, positive definite (see equation (13)), so th at the energy of all six states is the same; they differ, however, as regards charge. The current density four-vector is in fact sp -e\Jrftp\}f, and the charge density is
The eigenvalues of «s0 are therefore ± e.
2-3. In the wave theory, the six independent solutions, three for each sign of the charge, are taken to be transverse and longitudinal to the direction of motion. If we take a representation in which /?4 is diagonal, the first three diagonal elements being 1, the next three being -1 and the last four being zero, these solutions are as shown in table 1.
This particular choice of solutions, besides being not relativistically invariant, is not necessary or particularly convenient here, and instead we choose the solutions so as to simplify the expressions for the charge and energy densities. The symmetrized energy-momentum tensor is given by Radiative processes involving fast mesons 489 and = e £ a%ak -e 2 a*ak-
This is equivalent to making the u ' s satisf and orthogonality conditions:
where pkl is the diagonal matrix which is equal to 1 for 1, 2, 3 and is equal to -1 for k = l= 4, 5, 6. If we represent the s by a matrix U with ten rows and six columns, the above relations can be w ritten in the forms
and Z7+/?4 ?7 = P,
where I is the 6 x 6 unit matrix and where P = (pki). As in the electron theory, there is an inverse orthogonality condition, but it is more subtle here owing to the /?'s being singular. I t is clear th a t there is no inverse relation corresponding to (18), since U is not a square matrix, but in (17) and (19) we can discard up 7,8,9,10), since these are associated with zero eigenvalues of /?4. We can therefore treat /?4 as a 6 x 6 non-singular matrix with the two threefold eigenvalues ± 1. Then / and P 2 = I. W ith this convention we have Pt/t/?4 U = I, which implies PC7+/?4*= U~x, and hence PC/' t = t / _1y?4, since the 6 x 6 m atrix U is non-singular, the u 's being linearly independent. Hence, multiplying on the left by U, we have the inverse orthogonality relation that is, 2-31. Of the solutions (10), those with -in the exponential factor refer to mesons with positive charge while those with E refer to mesons with negative charge. To prove this we use the fact (Kemmer 1939 equation (15)) th a t the energy-momentum vector can be taken as
Hence the three dimensional momentum vector is given by
By ( 
and
where (3 is the vector with components /?2, /?3.
2-4. The second quantization. One of the chief complications in the theory is th at the four components of ijf associated with the zero eigenvalues of /?4 must not be quantized independently of the other six, since these four components can be expressed in terms of the remainder by the equation
32-2 which is obtained by multiplying (1) by 1 -/?f. This equation is independent of the time, and can be regarded as a supplementary condition which enables us to eliminate the unwanted components. The equations of motion (1) and (2) or by
The commutation relations are therefore 
where ak, bk are g-numbers, and uk , uk are column matrices with c-number components which are chosen so as to satisfy (16), (17), (27) and (28). The quantities afc(p), 6fc(p) satisfy the commutation relations
The formal proof of the relations (34) is as follows. We have, by (17) and by the Fourier integral theorem, «a(P) = p J < ( P ) +A4^e~ip'r/^r .
(35) § When we distinguish the w's by the superscripts + and -, it is convenient to take k to run from 1 to 3 for both uk and w*, whereas when the superscripts are omitted we 3 6 take kt o run from 1 to 6. Thus 2 (u+ + u~) is equivalent to 2) We use I dp, | d r,...
Hence we have
on rearranging the terms and using the fact th a t all the elements up k are c-numbers. Now {yHr'^A}. = {^(r'^A M A ).. and hence, by (32), §
[(A ««•)}". {«r')fA U = W "J(r-r').
Therefore (36) becomes
by (17).|| The proof of the second of the equations (34) is similar, the only difference being th a t we now have fc(p)* (/?4)po.w" ;(p) = -; the minus sign here compensates the minus sign which arises because the expres sion (33) for ^ contains 6* and not 6. The remaining relations present no difficulty.
I t is also easy to show th a t the commutation rules (34) imply the com mutation rules (32). We have, by (33) and (34),
In order to apply (22) we write
Equation (39) then gives (40) which is the same as (32).
2*5. Electromagnetic interaction.
In the present formulation it is a simple m atter to introduce the interaction of the mesons with electromagnetic § This form of the commutation rule has certain advantages, in that \]r and \jr^ are treated symmetrically, and, since /?4 occurs on both sides of the equation, the relation is valid for p,cr = 1 ,..., 10 and not merely for 1,...,6.
|| We can define the 8 function by ^ f e«p. dr -#(p).
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fields; since the equations of motion are derivable from an invariant Lagrangian function, we have merely to replace d/dx^ by where 0 is the four-potential of the field. The nuclear interaction is, how ever, much more complicated. The reason for this is th a t the formalism applies equally to particles with zero spin, and th a t any interaction, such as electromagnetic interaction, which is of the same form for particles with spin 0 and spin 1 can be introduced without using the explicit representa tions of the fi's. The form of the nuclear interaction, however, depends upon the vector character of the components of ^ for space rotations only, and the explicit representations of yjf and the /?'s cannot be avoided. In the present paper we do not consider the nuclear interaction; the extension of the theory to include the nuclear interaction is given in another paper (A. H. Wilson 1940) . Our starting point is the symmetrical energy tensor (12) which, like the current density sp is the same whether electromagnetic fields are p or not. In order to eliminate the components of r/r which are not directly quantized we apply (29) in the generalized form (Kemmer 1939 , equa tion (73))
* -H l -s = H 4 p] ' (41)
where A is the vector potential.
When there are no fields present we have
The last line is obtained from the preceding by using the fact (equation (6)) th a t ?/4 anticommutes with, p .p , and th a t ?/4/?4 = ^4^4 = /?4. When the vector potential A is not zero, the Hamiltonian is
where H Q , H 1 and II2 are of zero, first and second order in A.
(43)
H q is the integral of (42). We transform the integrand back into the form m c Y^, substitute the expression (33) for \]r and use the normalizing relations (16). We obtain _ 3 fc= l
We now suppose th a t the vector potential, which is real, is expanded as a Fourier integral (see e.g. Heitler 1936, p. 92) :
where ek is a real unit vector in the direction of polarization of the Fourier component k. We then have § R * --i r J i f j J h p '> * « p '> t+ 6 < < p > r < p w i Radiative processes involving fast mesons 495
F . B o o th a n d A. 
The first term of this gives
where ^(P -P ) = J^e t(p p'),r^d r.
The second term is added to the Hamiltonian
of the electromagnetic field. 
and the Lagrangian of the electromagnetic field is
The Lagrangian of the mesons is given by (30) with replaced by djdXp -iefiJhc. Hence the total Lagrangian is 
We transform the part of this depending on ijf by using the relations (41), and we can simplify the resulting expressions considerably by using the fact th a t any expression of the form /?4( a . (3) /?4 is zero (equation (57)). The part of H which depends only on the electromagnetic field differs from (S'2+3^> 2)/(S7t) -^ div <fy(47r) by a divergence. Since the Hamiltonian H is H dr, the divergence is irrelevant and we finally obtain which is the expression obtained in the preceding section by means of the energy-momentum tensor. The presence of the term -0div<f/47r ensures that, when we express the Hamiltonian of the electromagnetic field in terms of the qk and the corresponding amplitudes of the longitudinal waves, the resulting expression is a sum of squares. We can, if we wish, eliminate the longitudinal part of the field in the usual way, and replace it by the Coulomb interaction, but this is unnecessary for our purpose. We always neglect the interaction between the mesons in intermediate states, and the only electrostatic force which we ever consider is the force on a meson due to a given external field.
2-6. Spur and other relations. In order to simplify the calculations, we always sum or average the expressions which occur over all possible polarizations of the mesons. This procedure results in the final expressions being obtained in the form of spurs, exactly as in the electron case. For the electron the evaluation of the spurs presents no great difficulty, but the present theory is so much more complex th at it is necessary to make every possible simplification before inserting the values of the spurs. The following
relations, which can be readily deduced from the commutation rules (2), are some of the most useful in reducing the formulae:
The whole of the theory so far developed applies not only to mesons but (with verbal alterations) to the spinless particles discussed by Pauli and Weisskopf (1934) . Kemmer has shown th at there are only two inequivalent non-trivial representations of the ft's, the 10 x 1 and 5 x 5 matrices which give rise to Pauli and Weisskopf's equations in which there occur one scalar wave function and its four-dimensional gradient. These two cases only differ in th a t the spurs are different. To calculate these we must use the explicit representations of the given by Kemmer, or rather the spurs of all the independent products of the These somewhat tedious calculations have been carried out by Kemmer and Kynch for spurs involving up to products of ten (for the 10x10 matrices). Their results are as foliows. § The spur of any quantity which contains an odd power of /?4 or an odd number of (a . p)'s is zero in both representations. Also, by (57) and (58), any quantity which has an odd number of (a . P)'s between two ft^'s is zero. 
spur /?f (a4. P) (a2. p) (a3. p) (a4. (J) = (1.2) (3.4) + 2( 1.4) (2.3). (68) spur /?4(aj.p) (a2.P)/?4(a3. P) (a4.P) = 2(1.2) (3.4) -2(1.3) (2.4). (69) spur /?4(a4. P )... (a6.P) = (1.2) (4.5) (3.6) + (3.4) (6.1) (5.2) + (5.6) (2.3) (1 .4 )-(1 .4 ) (2.5) (3.6)+ (6.1) (2.3) (4.5). (70) spur f t (a4. P) (a2. p) /?4(a3. p) (a4. p) /?4(a5 • P) (a ,. p) = (6.1) (3.4) (2.5) + (1.3) (4.6) (2.5) + (5 .6 ) (1.2) (3.4)
-(6-1) (2.4) (3.5) -(5.6) (1.3) (2.4) -(1.2) (4.6) (3.5). (71) spur ^4(a4.p ) ... (a8.p) = (1.6) (2.5) (3.8) (4.7) + (2.3) (1.4) (8.5) (7.6) + (4 .5 ) (3.6) (2.7) (1.8) = (2.3) (4.5) (6.7) (8.9) (1 0 .1 )-2 (2 .5 ) (4.7) (6.9) (8.1) (10.3) -2 (1 .4 ) (3.6) (5.8) (7.10) (9.2)+ (1.6) (2.7) (3.8) (4.9) (5.10) -2 (1.2) (3.8) (4.9) (5.10) (6.7)+ 2 (10.1) (2.3) (4.9) (5.6) (7.8) 5 cyclical 5 cyclical permutations permutations -2 (8.1)(2.5)(4.9)(3.6)(7.10)+ 2 (1.4)(10.3)(9.2)(5.8)(6.7)
5 cyclical 10 cyclical permutations permutations + 2 (3.6) (5.8) (7.10) (1.2) (4.9)-2 (1.4) (10.3) (9.2) (5.6) (7.8).
10 cyclical 10 cyclical permutations permutations
The four and five cyclical permutations in (72) and (73) are obtained by omitting every alternate permutation.
The Compton effect
3 -1. The effect is exactly the same as for electrons; a light quantum with momentum k 0 is scattered by a (positive or negative) meson of momentum p 0, the final momentum of the light quantum being k and th a t of the meson being p. Since both energy and momentum are conserved in the process, we have
The calculations are very similar to the corresponding calculations for electrons, and we follow the exposition of the latter given in H eitler 's book (1936) . The scattering is a two quantum effect, one quantum being absorbed and the other emitted. The process can therefore take place either directly, through the interaction energy H2, or by means of double transitions caused by the interaction energy Hx. (In the relativistic electron theory only the double transitions are possible.) The cross-section for scattering is then 1/c times the transition probability per unit time. The differential crosssection for the light quantum to be scattered into d k is, with the normaliza tion which we have adopted, (76) where
the letters i, n and / denoting the initial, intermediate and final states.
3-2. Matrix elements. We suppose.for definiteness th a t we are con sidering the scattering of light by a positive meson. Since we ultim ately either sum or average over the different polarizations of the meson, we generally omit the suffixes kw hich refer to the po also prevent the suffix from being confused with the momentum k of the light quantum.
The The numbers 0 and 1 refer to the numbers of particles present of the respec tive kinds, including light quanta. Thus a, b, q only have non-zero m atrix elements when a particle is emitted, and *, 6*, * have non-zero m atrix elements when a particle is absorbed. We have the following set of transitions to consider. We first give the transition and then the corresponding m atrix element; we write e0 and e for the polarization vectors of the incident and scattered quanta.
1.
The fight quantum k0 and the meson w+(p0) are absorbed, and the meson w+(p0 + k0) is emitted.
The meson u+(p0 + k 0) is then absorbed; the meson w+(p0+ k0 -k) and the light quantum k are emitted.
x u + (p 0 + k0)t /?l[(e. p) {(Po + k0 -k ) . p) + {(p0 + k 0) . p) (e . p)]
p 0 + k 0 -k). (82) 2. The fight quantum k is emitted and a pair of mesons w+(p0 + k 0 -k) and w~(p0 -I-k 0) are created. § x w+(p0)+/?I[(e • P) {(Po -k ) . p} + (Po • P) (e . p)] Po -k). (87) The meson w+(p0-k) and the light quantum k0 are then absorbed, and the meson w+(p0 + k0 -k) is emitted. In order to simplify the algebra we take p0 = 0. This is the im portant case, and there is no loss of generality since any other case can be obtained from this by a Lorentz transformation. With this choice of p0, the energy differences Ei -En are given by
The alternative expressions in (91) and (92) 
The first term of this can be immediately summed by using the inverse orthogonality relation (22), and it gives (me2 + ck0) The second term is not of the form required for applying the inverse orthogonality relation; it can, however, be transformed into th a t form. We have, by (27) and (41), «(P)/W (P) =(*I^(P)A*f(P) = fil(mc* + icp.p)ut(p)
By these two relations, the second term of (96) x w+(0)t/?! <7/?4^(mc2 -c k )
where
and we have used the fact th a t
The expression I Ii s obtained from I by replacing e, e0, k and k 0 by -k0 and -k. We denote the remaining part | Ht\f) of by III.
3-31. Summation and averaging over the initial and final states.
We now take the square of the matrix element (i\H \ f), and we have Now 7*7 is proportional to 
+ me2 + ^I T j /?!«-(p) = A « -(p ). 2E\
Since j£(0) = me2, (106) can be written in the form
the terms with Z = 4,5,6 being zero. We can now apply (22); then (108) becomes i (A +/*!)• (109) We can apply the same method to the sum over the polarizations in the final state. After we have introduced the annihilation operators we are left with an expression of the form
S t t/k " -k )t/?|«/?|«,(k0-k ) f t l= s (HO)
1= 1
1=1 p, O'
By (22), this reduces to S Q tJf'i).,,, = spur Q/il = spur A <?.
(HI)
p, O '
We therefore have finally, putting p = k 0 -k, (65) and (66) show th a t of the expres sions (112) to (115) only (114) is not zero, and th a t the spur in this expression reduces at once to 4mc2(e . e0)2.
In order to find the cross-section we must know dk./dEf. Now, from (74) and (75), we have _ mck» , , , 6)
where 6 is the angle between k and k0. Also = where dQ is an element of solid angle in the direction of k, and
Ef = E(p) + ck = ck + c^{m 2c2+ k% 2&&0cos
Hence, by (74) and (116),
Collecting the results together and substituting them in (76), we find th a t the scattering cross-section is § " ( S l ( e e »)2-
This formula is very similar to, but somewhat simpler than, the KleinNishina formula for the scattering of light by free electrons. I t is probable th a t this formula has no application to physical problems, and we do not discuss it further. I t can be used to obtain the radiation loss from spinless particles, if such exist, but the formulae in this case are easily obtained directly.
3-41. The evaluation of the spurs for particles w ith spin 1 is very trouble some, and the algebra is so long th at we can only indicate the method of procedure and give the final result. We consider first 1*1. The most sys tematic method is to arrange the various spurs according to the number of /?'s, excluding /?4, which they contain. Thus the highest spur in 1*1 contains fourteen /?'s, but this vanishes on account of the relation (k0.p)/?4(k0.(3) = 0. The highest non-vanishing spur contains te n /?'s; it is me4 spur/?4(p . p)2/?4(e . p) (k0. p)2 (e0. p)2 (k0. p)2 (e . p),
which, by (58), is transformed into me4 spur -(p . p)2] (e . P) (k0. P)2 (e0. p)2 (k0. p)2 (e . P).
This can now be evaluated directly, but the algebra can be considerably re duced if we apply the transformation (62) to the terms (k0. P)2 (e0. p)2 (k0. p)2, and note th at e0. k0 = 0. The ten-spur then becomes Icimc1 spur |p 2/f|(e,(J)(k0.p)2 (e0. |3)2 (e . p) -Ai(P • P)2 (e . P) (ko -P)2 (e0. P)2 (e . p)],
and the evaluation of this by (70) and (72) is quite easy. The only other spur § Note that when we are dealing with particles of zero spin a factor J must be omitted from equations (112)-(115). The ^ arises because of the averaging over the three polarizations of the incident meson; for spinless particles this averaging is unnecessary since there is only one polarization.
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is an eight-spur, but this gives more trouble, since it has to be split up into six parts, only some of which can be reduced to spurs of lower order. The expression I* 11 is distinctly more complicated than the highest non-vanishing spur contains ten /?'s, but it cannot be so easily reduced to spurs of lower order. It is me4 spur/?4(p . P)2/?4(e . p) (k0. P)2 (e0. p) (/?4 + /?f) (e. p) (k . p)2 (e0. p) = me4 spur [p2/#!(e. P) (k0. p)2 (e0. P) (e . P) (k . p)2 (e0. p) -/?i(P . P)2 (e. p) (k0. p)2 (e0. p) (e . p) (k . p)2 (e0. p) ].
If we wish to reduce the second term in the square brackets, we first inter change the order of e. p and (k0. P)2 by using the first of the relations (59); the number of /?'s is then reduced by two on account of the relation (e . P) (e0. P) (e. P) = (e . e0) (e . P). This term finally becomes The expression for the cross-section is still very complicated, but it simplifies considerably when averaged over the polarizations of the fight quanta. I t seems unlikely th at the formula for the scattering of polarized fight by mesons will ever be required, and so we restrict the discussion to unpolarized fight. We have actually to sum over the two independent polarizations of the scattered fight and average over those of the incident fight. If we denote this operation by a bar, the following results are required: The total cross-section is obtained from (125) by integrating over the angles. The integration is elementary but very tedious. When k0^>mc the result is tt/ e2 W fc0\ 2 3 \mc2J \m cj (126)
The radiation loss from mesons 4. Provided th a t we merely wish to know the order of magnitude of the effect, and regard factors of order unity as being irrelevant, we can calculate the radiation emitted by a very fast meson in the following way. Let the meson move with velocity v0 c and e the nucleus being so heavy th a t it can be considered to be fixed. We consider the system in the frame of reference in which the meson is (initially) at rest and the nucleus moves past it with velocity v0. In this frame the Coulomb field of the nucleus is very much contracted along the direction of motion, and, at not too small distances from the nucleus, the field can be considered to consist of light quanta whose direction of propagation is parallel to the direction of motion of the nucleus. At distance r from the nucleus, the intensity Iv of these quanta per unit frequency range per unit area is given approximately by (v. Weizsacker 1934, equation (21)) There are various approximations involved in replacing the moving Coulomb field by light quanta and in cutting off the frequency spectrum abruptly. The errors introduced are a t most of the order of rac2/F 0.
We consider the light quanta to be scattered by the meson, and we have to pick out those fight quanta which after being scattered have a given energy eE0 ( 0 < 1 ) in the original frame of reference in which the nucleus is a t rest. In the moving frame, let k0 and k be the momenta of the incident and scattered fight quanta, and let 6 be the angle between k0 and k. Since the velocity v0 is parallel to k0, the energy of the scattered quantum in the original frame is § 
Now let f(k 0, k, cos 6) I(k 0)dk0dQ be the energy of the fight qua scattered into the solid angle dQ by a meson a t rest when the incident intensity is I(k0)dk0. Since Ivdv = I(k 0)dk0 and k0 = hvjc, we have also (129) gives
(131) the angle 6 being constant, since for the moment we are considering the scattering into a given solid angle. When we transform back to the system in which the nucleus is a t rest, the energy of the scattered quanta m ust be multiplied by the factor (1 -cos 6)E Jm c2 (equation (128 the cross-section we must divide by the scattered energy eE0. Finally, we § See v. Weizsacker (1934) for the formulae which follow. Our calculations differ from his in several details, so that it is insufficient to quote his final result. must integrate over r and over the solid angle, and the cross-section for the emission of a quantum with energy lying between eE0 and (e + de) is
where k and k0 are given in terms of E0, e and cos 0 by (129). Now, since E0 and e are given quantities, there corresponds just one value of k0 to a given value of cos 6, and the integration over 6 is equivalent to integration over the momenta of the incident light quanta. Further, since there is a maximum value of k0, the range of integration is restricted to 
I t has been shown by v. Weizsacker th a t the lower limit for r must be taken to be the Compton wave-length A = hjme. This is, however, not a rigorous mathematical deduction from the exact theory, but is based upon the behaviour of a wave packet of linear dimensions A. The interaction energy in the present theory is more singular than in the electron theory, and there is perhaps less justification for taking the lower limit to be A; but any other choice for the lower limit would not alter the theory essentially unless the lower limit were to increase with E0, and this can certainly be ruled out.
4-1. In our present problem, f(k 0,k, cos 6) dQ is given by (125) mu by k/k0. When we substitute for k and kQ from (129), the terms involving (1 -cos 6)~l and (1 -cos #)~3 vanish. Then, since 7] is very small, we can use the approximate formula (with n = 0, 1 ,...)
and we find th at (132) The upper limit R in the integral with respect to r depends upon the behaviour of the electrostatic field of the nucleus at large distances. For a pure Coulomb field, R is determined by (133), but for the more physically correct model of a screened field, R is approximately a0Z_i, where a0 is Bohr's radius of the hydrogen atom. In either case the error in extending the integration to infinity is negligible; it is certainly less th an the errors inherent in the present method of solution. We therefore have finally
where E = E0( 1 -e) is the final energy of the meson. The average energy loss per collision is
Formula (137) is similar to the corresponding formula for electrons b u t differs from it in detail. The m ost im portant point is the occurrence of the factor EJm c2. Thus, whereas the cross-section for the emission of a ray by an electron tends to a constant value as the energy of the electron increases (so long as screening is taken into account), the cross-section for the emission of a y -ray by a meson increases w ith the energy of th We discuss this in more detail in § 6. A nother point of difference is th a t it is immaterial here w hether we take screening into account or not; large im pact param eters contribute negligibly to the radiation loss. For electrons, on the other hand, the integral w ith respect to r corresponding to th e integral in (135) is %Rdr a r
, and the choice of the upper lim it is very im portant.
I t should further be noted th a t (136) is not correct for small e. The m ethod we have used gives <f>(e) expanded in inverse powers of E Jm c2, and it so happens th a t the term which contains the highest power of is not the one which contains the lowest power of e. To obtain the correct expres sion when e is small we consider E0 to have a fixed large value, and we find the dom inant term as e tends to zero. We split the range of integration w ith respect to cos Qi n (132) into the two p arts ( -1,1 -and (1 -The relations (129) show th a t in th e first range k0 is less th an 1 -e); therefore if ei s small we can use the non-relativistic form of (125), i.e. the Thomson formula, in this range, while we use the exact expression in the range (1 -e, 1 -rj).Now the integration over the first range gives a term containing de/e, which is the dom inant term for small e. Evaluating this, we find th a t
<J){e) de -
16 Z 2e2/ e2 \ 2<Ze CRdr 3 he \m c2) J * r This same term occurs in the expression for the energy loss from electrons. Its presence does not greatly affect the validity of (138), since small values of e contribute little to the total energy loss. Of course, no reliance can be placed on the numerical factors which occur in (137) and (138); the formulae are only correct as to order of magnitude. In particular the variation with Z for large Z is almost certainly incorrect, not only because Zf 137 is not small, but also because the radii of the heavier nuclei are of the same order as A.
I t should be noted th a t the radiation loss is mainly determined by the scattering of quanta of energy much greater than me2, whereas for electrons the high energy quanta have a negligible effect. The radiation loss from mesons therefore provides a test of the validity of the theory for high energies.
The production of meson pairs 5. The cross-section for the production of a pair of mesons by the absorption of a y-ray in the presence of a nucleus can easily be obtained from the formula for the emission of a y-ray by a meson. Ju st as for the electron (see e.g. Heitler 1936, p. 195) we have merely to replace E0 and E in equa tion (137) by E_ and -E+, where E+, E_ are the energies of the pair of mesons, and to multiply by
c2p 2 _ dE+ (E+ + E_)2E_de'
This is easily shown by writing down the matrix elements for pair production and comparing them with the matrix elements for the emission of a y-ray. I t is not necessary to evaluate the spurs. We obtain for the differential cross-section in the extreme relativistic case the expression
If hv -E++E_ is the energy of the y-ray which produces the pairs, the total cross-section, which determines the number of pairs produced, is /:
5-1. The probability of a meson pair being produced by a fast charged particle can also readily be found; we have merely to analyse the field of the moving particle into fight quanta and apply formula (139). Let the energy and charge of the particle be E0 and Then the intensity of the
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light quanta is given by (127), and hence the total number Nvdv of light quanta with energies lying in the range is
the effective lower limit for r being the Compton wave-length A as before.
If we put hv = E+ + E_ and multiply by (139), we obtain as the differential cross-section for the process in which a pair of mesons is produced with energies lying in dE+, dE_,
The total cross-section is 10 /ZZify / \ 2 Eq 97t\ he J \m c2/ me2'
By comparing (140) and (143) we see th a t the probability of a pair of mesons being produced by a charged particle is 2Zf/(1377r) times the probability of a pair being produced by a y-ray of the same energy. We can therefore neglect pair production by charged particles.
D iscussion
The meson theory, as at present formulated, cannot be regarded as satisfactory; the infinities which occur in the electron theory appear in the meson theory in an even more objectionable form, and in addition there are a number of fresh difficulties. One of the new characteristic features of the theory is the appearance of terms proportional to 1/r3 in the potential energy, terms of this type occurring in the interaction of protons with neutrons, and of mesons with a Coulomb field. When the potential energy has a singularity of such a high order, eigenfunctions no longer exist, but on the other hand the use of the Born approximation gives a unique result for the scattering problem. This can only mean th a t the approximate method 'cuts off' the singularity in some way, but the exact manner in which this happens is obscure. I t seems fairly certain th a t this 'cut off' must take place at a radius which decreases as the energy of the particles increases; thus the effect of the 1/r3 terms is most pronounced a t high energies, and this results in the cross-section increasing with increasing energy. In the problem of the interaction of a meson with a Coulomb field the 1/r3 terms tend to zero as the velocity of the meson tends to zero, but for any non-zero value of the velocity these terms occur, and the scattering problem has strictly no solution. However, the use of the Born approxima tion gives the same result for small velocities as we should obtain by neglecting the 1/r3 terms altogether. We cannot therefore dismiss the solution given by the Born approximation as meaningless, nor does it seem possible to set a limit to the validity of the theory except by arguments based on the possible existence of a 'shortest length'. Such arguments are of very doubtful value.
The often expressed view th a t the meson theory is correct for small energies but invalid for high energies is an inconsistent one. I t would certainly be a correct viewpoint to maintain th a t the meson theory is valid when the velocity of the meson is zero, but this is quite trivial, and to maintain th a t the theory is satisfactory only for small velocities is equivalent to saying th a t the 1 /r3 terms are unim portant because they occur with small coefficients. The only consistent attitude to take up is either to reject the theory completely or to accept it provisionally and investigate the limits of its validity. In order to carry through the latter programme, which we believe to be the correct one, it is necessary to include relativistic effects, since otherwise we revert to the Schrodinger theory. The only criterion for judging the success or otherwise of the meson theory is therefore provided by the discussion of the relativistic effects.
The 'heavy electrons' found in cosmic-rays are usually identified with mesons, but there is as yet no really convincing evidence th a t these cosmic ray particles have spin 1 rather than spin 0 or |. The main reason for making the identification is th a t thereby the number of elementary particles required is kept as small as possible. If our present ideas concerning nuclear forces are in any way correct, we require charged particles with a mass about 200 times the electron mass which are capable of being absorbed and emitted by protons and neutrons. The spin of these particles must be either 0 or 1, and if the spin is taken to be 0 the calculated nuclear forces turn out to have the wrong sign; we therefore assume the spin to be 1. However, the calculated scattering of mesons by protons deduced from the magnitude of the nuclear forces is much too large to be reconcilable with the observed scattering; a t about 109 eV the observed cross-section (due to both the nuclear and the Coulomb forces) is of the order of 10-28 cm.2 (J. G. Wilson 1940) , while th at calculated by Heitler (1938) is of the order of 10~26 cm.2. In order to remove the discrepancy we should have to introduce far-reaching modifications into the theory of the nuclear interaction. I t would, however, be difficult to introduce important modifications into the theory of the Coulomb-scattering and of the radiation loss without giving up the present theory entirely.
For small velocities the interaction of charged particles with an electro magnetic field is independent of the spin of the particles, and the scattering at low energies therefore gives no evidence as to the value of the spin. The spin can, however, be determined in principle from the angular variation of the elastic scattering at high energies, or, more easily, from the total energy loss in inelastic collisions. Now it is just for high energies th at the results of the meson theory are most doubtful, and if the observed energy loss does not agree with the theoretical value we may only conclude either th at the theory is invalid at high energies or th a t the cosmic ray ' heavy electrons' do not have spin 1. Only if the observations confirm the theory can we be certain of the identity of the particles. We show below th at what little experimental evidence exists is in favour of the heavy electrons being mesons and of the validity of the theory of the interaction of mesons with an electromagnetic field.
The data collected by Blackett (1937) show th at the energy loss of the penetrating component of the cosmic-rays increases rapidly with the energy for energies greater than about 1010 eV, and th a t this energy loss is con siderably greater than th at due to ionization (as calculated from Bloch's formula). This extra energy loss cannot be due to radiation if the 'heavy electrons' which constitute the penetrating component have spin 0 or but the energy loss can be accounted for qualitatively if we assume th a t the 'heavy electrons' are masons with spin 1.
In the first place the calculations of Massey and Corben (1939) show th a t for a collision between a meson and an electron there is a spin-dependent term in the cross-section which only becomes appreciable at high energies. The cross-section for an energy loss eE0 when a meson of energy E0 and mass m collides with an electron of mass at rest is of the order of l + meE0/(Sm2c2) times the corresponding cross-section for the collision of the two particles with masses ma nd me and spin is appreciably greater than 1, th at is, when E0 is greater than about 1010 to 1011 eV, the energy transfer in close collisions will be increased and the 'ionization loss will be greater than th at given by Bloch's formula. § This agrees qualitatively with Blackett's conclusions, but a detailed comparison is out of the question on account of the great uncertainty in the experimental results. § These estimates of the energies at which spin effects become important are based on the assumption that m = 200 me;they are very sensitive to th Secondly, the energy loss due to radiation becomes comparable with th a t due to ionization for energies of the order of 1011 eV. According to (138), the radiation loss per cm. of water is about 5 x 105 eV for E0 = 1011 eV and about 5 x 107 eV for E0 = 1012 eV, while the ionization loss given by Bloch's formula is about 1*5 x 106 eV. I t therefore seems probable th a t the initial increase in the energy loss a t about 1010 eV is due to the extra ioniza tion loss, while for somewhat higher energies, for which no measurements exist, the radiation loss is dominant.
Some further support for the validity of the theory a t high energies can be obtained indirectly from the occurrence of cosmic-ray showers consisting of a large number of particles. I t has been realized for some time th a t showers associated with the penetrating component of the cosmic-rays can be reasonably well explained by assuming th a t the cosmic-ray particles £ knock-on ' atomic electrons in close collisions and th a t the electrons then produce showers by the ordinary cascade process. The frequency of produc tion of small and of moderately large showers is in good agreement with the accepted theory of the process (see e.g. Lovell 1939 ), but the observed number of showers consisting of 100 to 1000 particles is appreciably greater than the calculated number . Recently, Bhabha, Carmichael and Chou (1939) have suggested th a t this discrepancy can be removed by adopting Massey and Corben's expression for the crosssection for the collisions of a meson with an electron. If this expression is valid for high energies, there is a large probability th a t the electron will receive a considerable amount of energy and be capable of producing a large shower. Bhabha, Carmichael and Chou show th a t the modified theory gives much better agreement with the experiments than does the old theory. We have, however, shown above that, for the greatest p art of the energy range for which the spin-correction term is important, the radiation loss is more im portant than the ionization loss; therefore the extra probability th at a knock-on electron will be produced is less im portant than the probability th at a y-ray will be produced. Thus the occurrence of large showers would seem to depend mainly on the very energetic y-rays emitted by the mesons, and there is the possibility th a t the theory will now give too many large showers. However, the calculations are not very reliable and involve an extrapolation of the energy spectrum of the incident mesons which may well not be justified. (Blackett's deduction of the energy spectrum assumes that there are no large energy losses such as are predicted by our calculations.)
A further consequence of the theory may be mentioned. The method by which mesons are produced in the atmosphere is by no means clear. The obvious processes are those in which a proton or a neutron emits a meson either under the action of a y-ray or during a collision. These involve the specific nuclear interaction and the theory of them is therefore suspect. Another process is the direct production of meson pairs by a y-ray ( § 5), the y-ray itself being probably a secondary produced by the incoming cosmic-rays near the top of the atmosphere. Now, for most of the y-rays which occur in cosmic-rays, the production of a pair of electrons is more probable than the production of a pair of mesons, the total cross-section for the production of a pair of electrons being (Heitler 1936, p. 200) when screening is taken into account. However, by comparing (140) and (144) we see th at for energies greater than about 1014 eV the production of a pair of mesons is the more probable process, and even for considerably smaller energies the production of meson pairs is by no means negligible. I t seems probable th at cosmic-ray particles exist with energies of the order of 1014 eV, and if they do we should expect to find cascade showers containing a preponderance of mesons high up in the atmosphere, but this mechanism cannot produce the large number of mesons observed a t sea level and must be comparatively unimportant.
